Let X be a hypersurface in P N with N ≥ 3 defined over a finite field. The main result of this note is the classification, up to projective equivalence, of hypersurfaces X as above without a linear component when the number of their rational points achieves the Homma-Kim bound.
Introduction
In a series of papers [4, 5, 6 ], Homma and Kim settled the Sziklai conjecture [10] for plane curves. In particular, as a consequence of their results one can deduce that for any plane curve C of degree d over a finite field F q of q elements without F q -linear components, the number N q (C) of F q -points of C is bounded by N q (C) In [7] the authors establish also an upper bound for the number N q (X) of F q -points of a hypersurface X ⊂ P n+1 of degree d and dimension n ≥ 2 which is an analogous to their bound for a plane curve. Moreover, they show that their bound Θ d,q n := (d − 1)q n + dq n−1 + q n−2 + · · · + q + 1 is the best one for hypersurfaces without linear components that is linear on their degrees, because, for each finite field, they give three nonsingular surfaces of different degrees that reach their bound. Therefore, in line with the above results for plane curves, in Section 3 we characterize, up to projective equivalence, all the hypersurfaces X ⊂ P n+1 without F q -lineal components which reach the Homma-Kim bound Θ (1) d = q + 1 and X is a space filling hypersurface
where A is an (n + 2) × (n + 2) matrix such that A t = −A;
and X is projectively equivalent to a cone over the nonsingular Hermitian surface
and X is projectively equivalent to a quadric hypersurface
with a i , b i ∈ F q , which is nonsingular if and only if n = 2 and
Finally, as an immediate consequence of this result, in the nonsingular case we deduce the following
n then n = 2 and X is projectively equivalent to one of the following surfaces:
Note. After this paper was written, the author discovered that in [9] Homma and Kim characterize all the surfaces in P 3 without F q -lineal components which reach their bound Θ d,q 2 by proving Theorem 1 for n = 2. Although the approach in [9] seems only slightly different to that of this note, for completeness we preferred do not omit the proof of this case.
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Notation and preliminary results
Let X ⊂ P n+1 be a hypersurface of degree d ≥ 2 and dimension n ≥ 3 defined over a finite field F q of q elements, with q = p s for some prime number p and an integer s ∈ Z ≥1 . Denote by N q (W ) the number of F qpoints of a set W ⊆ P n+1 , by W (F q ) the set of F q -points of W and by W ⋆ the set of all hyperplanes P n ⊂ P n+1 containing the linear span < W > of W . Recall that for any N ∈ Z ≥1 we have
In this section, we give some remarks and preliminary results which will be useful to prove Theorem 1. Proof. Since X ⊂ P n+1 and N q (X) = Θ d,q n , we see that
Thus by Remark 3 we obtain that d ≤ q + 1. Moreover, we get d = q + 1 if and only if N q (X) = N q (P n+1 ), which is equivalent to say that X is a space filling hypersurface of P n+1 . Theorem 6 (see [7] p.81). Let X ⊂ P n+1 be a hypersurface of degree d defined over F q . Then N q (X) ≤ dq n + q n−1 + ... + q + 1. Furthermore, if d ≤ q then equality holds if and only if X is a union of d hyperplanes over F q that contain a common linear subspace of codimension 2 in P n+1 .
Proof. By Remark 5 we know that there exists a linear L :
where L ⋆ denotes the set of hyperplanes of P n+1 containing L. Then we get
and by Theorem 6 we deduce that
i.e. X is covered by linear P n−1 's.
Remark 8. From the proof of Proposition 7 it follows that if
Proof. By Remark 5 we know that there exists a linear L := P n−1 in X. Furthermore, from Remark 8 we deduce that
Since d ≥ 2, up to renaming, we see that there are two distinct linear spaces P n−1
Then we have the following properties (see also [7, (3 
n then there exists at least a nonsingular point on X, i.e. Sing(X) X.
Proof. Denote by
the polynomial in F q [X 0 , ..., X n+1 ] which defines X, i.e. X = {F = 0}.
Suppose that Sing(X) = X and write
Assume that Y j = P n+1 for some j ∈ {0, ..., n + 1}. Then X = Sing(X) ⊆ Y j and by Theorem 6 we have
but this is a contradiction. Suppose now that Y i = P n+1 for every i = 0, ..., n+1. From the Polynomial Evaluation Theorem (see, e.g., [3, Theorem 8] ) it follows that the ideal of the F q -algebraic set P n+1 is generated by
and since deg
is the zero polynomial for every i = 0, ..., n + 1. Moreover, since
we deduce that i j = p · t j for every j = 0, ..., n + 1, where p = Char(F q ) ≥ 2 and t j ∈ Z ≥0 . Hence F = G p , where
n+1 .
Thus by Theorem 6 we get again a numerical contradiction
Proof of Theorem 1
Let us recall that from Proposition 4 it follows that d ≤ q + 1, with equality if and only if X is a space filling hypersurface with N q (X) = N q (P n+1 ). Moreover, if d = 2 then X is a quadric hypersurface of P n+1 . Therefore, without loss of generality, we can assume that
Furthermore, by Proposition 11, let p ∈ X be a nonsingular point.
First of all, assume that n = 2, i.e. X ⊂ P 3 is a surface. By [8, (3.8 )] there exists a plane Claim 2. N q (l ∩ Γ i ) ∈ {0, 1, d} for any line l ⊂ H i = P 2 .
Assume that there exists a line
Thus by [6] we conclude that
but this is a contradiction. Q.E.D.
Therefore, by counting the number δ i of distinct lines l ⊂ H i = P 2 such that N q (l ∩ Γ i ) > 0 we have
where P 2 * is the dual of P 2 . This gives
If d = √ q + 1 then from [8] we know that X is a nonsingular Hermitian surface. Finally, suppose that 3 ≤ d < √ q + 1. By [1] we see that
for any absolutely irreducible plane curve C, where
is the arithmetic genus of C. Therefore, we obtain that
which gives again a numerical contradiction.
All the above arguments show that if n = 2 then d ∈ {2, √ q + 1, q + 1}.
Assume now that n ≥ 3. Since X is covered by linear P n−1 's, consider a linear space L = P n−1 which contains the nonsingular point p ∈ X.
Let H 0 be a linear P n such that
Consider now a hyperplane
, by arguing as above with < L, P n−1 i j >= P n instead of H 0 , we can find a L ′ = P n−1 as above such that p ∈ L ′ ∩ Λ = Λ ′ . Therefore, since p ∈ X is a nonsingular point, this shows that X ∩ H i does not contain linear spaces P n−1 for any hyperplane
This gives
n−1 . By an inductive argument, we conclude that d ∈ {2, √ q + 1, q + 1} for n ≥ 2.
Finally, the following three examples, together with Remark 10, allow us to conclude the proof of Theorem 1.
n . From Remark 5 it follows that there exists a linear L = P n−1 ⊂ X. Then, after a change of coordinates, we can suppose that
where
Moreover, by using the Euler Formula for homogeneous polynomial, we see that X n is singular if and only if the system given by
Therefore, X n ⊂ P n+1 is singular if and only if det A = 0, where A is the following (n + 2) × (n + 2) matrix
On the other hand, if n = 2 then Example 13 (d = √ q + 1). Let X n ⊂ P n+1 be a hypersurface of degree √ q + 1 without F q -linear components such that N q (X n ) = Θ √ q+1,q n . If n = 2 then by [8] we know that X 2 is a nonsingular Hermitian surface in P 3 . We prove by induction on n ≥ 3 that X n ⊂ P n+1 is a singular Hermitian variety. From the proof of Theorem 1 in §3 we know that there exist a linear 
j=1 L ′ j = P n−2 . If for any H 2 = P n as above we have Λ ′ = Λ, then X n is a cone with vertex Λ = P n−2 . In this case, take a plane P = P 2 such that P ∩ Λ = ∅ and denote by Γ ⊂ P the intersection set of all the L ′ j 's with P . Therefore, we have 
If for any L as above we have W = V = P n−3 then X n is a cone with vertex V = P n−3 over a surface S without linear F q -components. Moreover, by Remark 10 we have N q (S) = Θ √ q+1,q
2
. Thus X n is a cone over a smooth Hermitian surface. Therefore, without loss of generality, we can assume V = W and W = P n−4 . After a change of coordinates, we can suppose that
Furthermore, observe that X n ∩ V (X 0 ) = X n−1 is a Hermitian variety by the inductive argument. So X n := {F = 0} is defined by
where f 0 ∈ F q [X 0 , ..., X n+1 ] and A is an (n + 1) × (n + 1) matrix such that
we deduce that
This shows that
it follows that
This gives This shows that X n = {F = 0} is a cone over X n−1 for n ≥ 3 and by an inductive argument we conclude that X n ⊂ P n+1 is a cone over the nonsingular Hermitian surface X 2 ⊂ P 3 .
Example 14 (d = q + 1). Let X n ⊂ P n+1 be a hypersurface of degree q + 1 without F q -linear components such that N q (X n ) = Θ q+1,q n . Let F = F (X 0 , ..., X n+1 ) be a homogeneous polynomial of degree q + 1 identically zero on F n+2 q . From the Polynomial Evaluation Theorem [3, Theorem 8] we know that the ideal of the algebraic set P n+1 on F q is generated by where A is an (n + 2) × (n + 2) matrix such that A t = −A.
Finally, let us note that Proposition 9 and Theorem 1 give Corollary 2 of the Introduction for n ≥ 2 when X is a nonsingular hypersurface of P n+1 .
